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• Abstract 
(D ; 

'. We construct the solution 4>{t,x.) of the quantum wave equation D^ + m^^ + A : 

^-H I 0^:= as a bilinear form which can be expanded over Wick polynomials of the free 
m-field, and where :0^(t,x) : is defined as the normal ordered product with respect 

^ , to the free in-field. The constructed solution is correctly defined as a bilinear form 

I on Dq X Dg, where Dg is a dense linear subspace in the Fock space of the free m-field. 

' On Dg X Dg the diagonal Wick symbol of this bilinear form satisfies the nonlinear 

^ . classical wave equation. 

o ■ 
^ : 

^ : 1 Introduction 

■ 

p • The construction of an interacting quantum field, which satisfies a system of Wightman 
1^ . axioms (or a physical and/or mathematical analogue) is a central problem in quantum 
• • ! field theory. It seems that the best starting point would be a relativistic dynamical 
• I equation of motion with some interpretation of nonlinear terms. The description of a 

^ ' physical vacuum as a measure on the configuration space or on the space of trajectories is 

• closely connected with dynamical equations of motion and quantum mechanics. However 
here we consider a possible description of dynamics and leave a possible description of the 
vacuum for the future. 

In the present paper we consider a self-interacting scalar quantum field in four-dimen- 
sional Minkowski space-time satisfying the following relativistic wave equation 

x) + mV(i, x) + A : x) := 0, (1.1) 

or in the form of integral equation 

0(t,x) = 0i„(t,x) -A r /i?(t-r,x-y) :03(r,y): c/rc/V (1.2) 

J —00 J 
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A principal barrier of this way appears as difficulties associated with the definition 
of a product of fields given at the same point. This difficulty of the definition of a local 
product is connected with a singular dependence of the field on space-time coordinates. 
Usually one tries to solve this problem by renormalization. 

We consider Equations (1.1) and (1.2) and the definition of the product of fields at a 
point in the following way. First of all, we construct the solution of the quantum Yang- 
Feldman equation (1.2) in the class of bilinear form acting in the Fock Hilbert space 
corresponding to the free quantum in-field. In the other words, we seek the solution of 
the Yang-Feldman equation (1.2), in fact, in the form of the expansion of the solution in 
terms of the creation and annihilation operators of the m-field. Second, we define the 
product of the free in-field and its normal-ordered product ( = the Wick product ). 

In the Fock Hilbert space any operator or any bilinear form (belonging to a wide class 
of operators or bilinear forms) can be approximated by Wick polynomials. In the Fock 
space one can define a product of bilinear forms for bilinear forms expanded in terms of 
normal-ordered Wick polynomials. The normal-ordered functionals of the creation and 
annihilation operators have a natural dense domain of definition, a C 7ij„, which is some 
analog to the Schwartz space. The are linear continuous maps from a into o"', where a' 
is the dual of a, i.e. they are bilinear forms on a x a, see IQ-^. In our paper we use the 



construction of Wick polynomials of the free field given in @]-[^ . 

We solve the Yang-Feldman equation (1.2) by constructing the expansion of the quan- 
tum field in terms of Wick polynomials of the free in-field. 

Since this expansion converges not on all vectors, so to construct the quantum field 
as a bilinear form we choose the special subspace Dg of vectors in the Fock Hilbert space. 
Namely, we take coherent vectors near to the vacuum of the in-field and their finite linear 
combinations. Here a coherent vectors near to the vacuum means the vector of the form 
\z) = exp{zaf^)Q with small complex- valued test function z { Q is the vacuum vector, 
z & S and has a small F-norm, the definition of the F-norm see in Sect. 2 ). We note 
that Dg is dense in the Fock space. 

The considered expansion of the quantum field in terms of the Wick polynomials of 
the free in-field converges on the coherent vectors near to the vacuum and defines the 
solution of the quantum wave equation (1.1), (1.2) as a bilinear form on Dg x Dg. 

The considered construction uses, in fact, the idea that the creation operator is con- 
jugate to the annihilation one, moreover every creation vector is an eigenvector of all 
annihilation operators. In other words, matrix elements of quantum field on coherent 
vectors, i.e. Wick symbols, are solutions of classical Yang-Feldman wave equation with 
complex in-data. 

However, a complication arises here. This complication is connected with the existence 
and the construction of complex solutions of classical (real) wave equation. We overcome 
this complication by using coherent vectors near to the vacuum. To coherent vectors 
near to the vacuum correspond small matrix elements of the quantum field and small 
complex in-data of classical wave equation. The convergence of solutions of the classical 
wave equation for small complex initial in-data gives us the convergence of the considered 
expansion and allows us to construct the quantum field as a bilinear form defined on the 
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subspace, generated by linear combinations of coherent vectors corresponding to small 
complex in-data. Therefore, we construct the bilinear form by using its Wick symbols for 
coherent vectors near to the vacuum only. 

The same consideration allows to construct the bilinear form (pout corresponding to 
the quantum owt-field. 

The constructed quantum field is a scalar with respect to the Poincare transformation 

f/(a,A)0(t,x)f/(a, A)"^ = (/)((a, A)(t, x)), where ?7(a, A) = f/i„(a, A). 

The generator of the translation subgroup (that is, the Hamiltonian and the momentum 
operator) satisfy the spectrum condition. The constructed field is non-local with respect 
to the free 0i„(t, x) field. The question about locality of the constructed field is open. 
This question is closely connected with the question about a structure of the bilinear form 
and with the question about the existence of a measure corresponding to the vacuum and 
about its support. It would be interesting to represent the constructed bilinear form 
(^(t, x) as an operator- valued generalized function or as an operator- valued hyperfunction. 
In conclusion, we remark that the considered construction has been suggested by 



Heifets [12|. He also constructed the quantum field with the help of small complex initial 



data, however Heifets |jT2|] used instead of F-norm more complicated variant of i?-norm. 

R§czka |]l3l also tried to construct the quantum field as a bilinear form. He used for the 
construction a unproved assumption about the Wick symbols of approximations and their 
convergence to the solution of (real) wave equation for any (not necessary small) complex 
m-data. This assumption is incorrect in general. We go around this difficulty considering 



small complex initial m-data and extending the results of Morawetz and Strauss U4|, , 
for this case, see also |[T6[|-[|T8||. 

Our consideration is the following. In Sect. 2 we formulate and prove the assertions 
(Theorems 2.3 and 2.4) that we need for solutions of non-linear (real) wave equation with 
small complex m-data. In Sect. 3 we prove some estimates for the non-linear part of the 
classical wave equation (Lemmas 2.1 and 2.2). In Sect. 4 we describe field as a bilinear 
form (Theorems 4.1-4.3) and in Sect. 5 we discuss the obtained results and its connection 
with other approaches. 



2 Solution of the wave equation for 
small complex initial m-data 

In this section we consider global complex solutions of classical (real) nonlinear wave 
equation 

Mtt - Au + m\ + Au^ = 0, m > 0, A > 0. (2.1) 

To construct the hermitian (scalar) quantum field we need the solutions of (2.1) for small 
complex initial m-data. First we rewrite the equation (2.1) in the integral form 

u{t, x) = urit, ^) - \ f [ R{t-T,^- y)u^{T, y)dTd^y. (2.2) 
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Here urit, x) is the complex solution of the free equation that corresponds to the complex 
Cauchy data at the time T, R{t, x) is the Riemann function of the linear equation, i.e. 
the free solution with Cauchy data i?(0,x) = 0, i?j(0,x) = 5{x.). We remark that 

i?(t,x) = -i?(-t,x), i?(t,x) = --(^(-^ + -^)^).--^ 



(-A + m2)5 
and for t > 

RU^) = _^ ^^(^ _ 1^1) ^J^(^(i2 _ |^|2)l/2) (^2 _ |x|2)-l/2. 

To construct the quantum field we need the solutions of the equation 

u{t, x) = Uin{t, x) - A / f R{t-T,^- y)u^{T, y)dTd?y (2.3) 

J —CO J 

for small complex m-data. Here Uin is a solution of the free equation, corresponding to 
complex in-data. 

To construct the solutions of the Yang-Feldman equation (2.3) we extend Morawetz's 
and Strauss' results [14] on the case of small complex- valued in-data. 



In order to describe our results we define the energy norm 

\\uit)\\l = y'(|ni(t,x)|2 + |Vu(t,x)|2 + mXt,x)|2)ci3a; 



and the F-norm p!4 | 



\u\ 



/OO 
sup |M(t, x)p(it (2.4) 
-OO X 



for the Banach space F'-' of continuous complex-valued functions with finite F-norm. 
Define the Banach space JF"-^ of complex-valued solutions of the free equation 

Utt — Am + m^-u = 0, 

which is a subspace of the Banach space F*". For this purpose we define the subspace 
J-'i as the space of the free solutions whose Cauchy data (</9(x), 7r(x)) at the zero time 
are such that v^(x) with its first and second derivatives belong to fl L^, and the third 
derivatives are in L^, vr(x) with its first derivatives are in fl and second derivatives 
are in L^. A solution of the free equation with initial data from has the uniform decay 
like (1 + |t|)^'^^^ for t ^ OO and has a finite F-norm (a complex free solution can be 
considered similar to the real one, see Appendix B fl^). Define J-''" as the completion of 



J-'i in the F-norm. It is clear that J-''" is a closed subspace of F"-^. 

Let and F denote the corresponding real subspaces of the spaces JF"-^ and F'~^. 

To construct a solution for small complex m-data we formulate two lemmas, which we 
prove in Sect. 3. 
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To formulate these lemmas we introduce the notations that we need. 

Let M = [a, b], -oo <a<b< +00, and in addition M = M1UM2, where Mi = [a, b]n 
{T\\t-T\> 6}, M2 = [a, b]n{T\\t-T\< 6}, 6>0. 
We define 

[[m]]m = sup sup x)| + { / sup \u{t,x.)\^dtY^'^ 

and 

M] = [M](-oo,oo)- 

We introduce the norm 

,2 



{u)m = {sup \u\dS\ , (m) = (m) (-00,00), 

I K JKnM ) 

where dS denotes the measure on the surface of the cone K and K runs over all forward 
and backward light cones in space-time. On the surface of the forward or backward 
light cone K = {(t,x) & K \ t"^ — |xp > 0, ±t > 0} we use the measure dS, where 
dS = 9{±t)5{\t\ — \x.\)dtd^x = 9{±t)dtdS and dS = t'^dcu, |a;| = 1 is the sphere measure 
on the sphere of radius t in M^. 

Lemma 2.1. 
Let 

Ht, x) = / R(t-r,x- y)u(T, y)v(T, y)w(r, y)dTd^y, 

J Ml J 

where u, v, and w are arbitrary smooth complex-valued functions. 
Then 



\I{t,^)\'<c{S,a){w)M [ [\\u{r)\\U\v{T 

J Ml 



e + \\'^['r)\\oo\\v[r)\\oo\\u[T)\\e\ 

Ml 

Hrnl-'^-Hrn'^lt-rl-'/'^'-d^ 



Here < a < 1/2, c{6,a) is a constant, depending on 6 and a only (and, maybe, on the 
mass which enters into the Riemann function). 

Lemma 2.2. 

Let M(t,x) and v{t,x.) be a pair of arbitrary smooth complex-valued functions. Let 
nu{t, x) = / j R{t-T,^- y)u\T, y)drd^y. 

JM J 

(a) For any < a < 1/6, we have 

\\nu\\F < cHJjvJ^" WuW'pr^ \\u\\f,m + {u)m 

(b) 

/ Nl/2/ x3/2 

\\Ru - TIv\\f < c\[[u]]m + [M]m ) ( ||ii||F,M + {u)m + II'^IIf.m + {v)m] 
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\\u -vWfj^ sup \\u(t)-v(t)\\l/\ 
teM 

Remark. The constants entering into Lemma 2.2 do not depend of M. 

For a solution u = u{t,x.) of Equation (2.1) we denote by ut — mt(^,x) the free 
solution whose Cauchy data at t = T agree with that of u, 

ut(T,^) = u{T,^), ^(T,^) = |^(^'^)' 

and formulate now the theorems about solutions of Equations (2.2)-(2.3) for small complex 
initial data and m-data. 

Theorem 2.3 (Cauchy problem). 

There exists a strictly positive 9 such that for any 5", — oo < jS" < oo, and us G 
J^'^ , \\us\\f < d, there exists a unique global solution u of Equation (2.2) with finite F- 
norm and whose Cauchy data at time S equal that of Us- In addition \\u\\p < 26. The 
free solution ut, whose Cauchy data at time T equal that of u, also belongs to JF*-^. 
Furthermore, ut depends continuously on us in T'-^ and ||mt||f < 2^. 

There exists a unique free solution and a unique free solution Uout such that 

||Mm(i) — w(t)||e ^0 for t ^ — OO and \\uout{t) — u{t)\\e for i — > +oo, 
in this case Uin, Uout ^ and the F-norm of Mj„ and of Uout is less than 29. 
Theorem 2.4 (Cauchy problem at t = — oo). 

There exists a strictly positive 9 such that for Uin G and ||Min||F < 9 there exists a 
unique global solution u of Equation (2.3) with finite F-norm and which converges in the 
energy norm to for t — >■ — oo. In addition \\u\\i,-- < 29. For any T, — oo < T < +oo, 
the free solution Ut, whose Cauchy data at time t = T equal that of u, also belongs 
to J^^' and in this case ||mt||f < 2^. There exists a unique free solution Ugut such that 
\\u{t) — Uout{t)\\e — >■ for t ^ +00, in addition ||Mout||F < 2^. Furthermore, UT,Uout 
depend continuously on in T^. u{t,yi) also depends continuously on in T*-^. 

Remarks. 

1) 9 depends on the mass and the coupling constant in the non-linear equation (2.1) 
and its "smallness" depends only on the value of constants in the bounds of Lemmas 2.1 
and 2.2. 

2) If is replaced by F{u) in Equation (2.3), this theorem depends only on the 
property \F"{u) \ — 0{\u\) as w — > 0. 

Proof of Theorems 2.3 and 2.4. 

The proof of Theorem 2.3 is completely the same as the proof of Theorem 2.4. There- 
fore, we restrict ourselves to the proof of Theorem 2.4. 

First consider the uniqueness of a solution of the Cauchy problem at t = — oo. For the 
u with the initial data from JF^ = JF*^ n e J-'-^\ \\u\\f < 9} and with finite F-norm, 
\\u\\f < 9, there is the representation 

Uin{t) = u{t) + A /* R{t - r) * u^{T)dT. 

J —oo 
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If u and V are two solutions as in the statement of Theorem 2.4, then 
u{t) - v{t) = -A /* R{t - r) * [u\t) - v\T)]dT. 

J—oc 

Taking the energy norm, we get 

sup \\u{t) - V{t)\\e < — sup \\u{t) - W(r)||e / (||M(r)||oo + \\v{T)\\oofdT, 

t<s rn T<s J-oo 

or 

A /'°° 
sup \\u{t) - v{t)\U < - sup \\u{t) - v{t)\U / (||«(t)||oo + ||^;(T)||oo)'dT. 

t m t J-oo 

Since 

- / (ll«(r)||oo + HT)U'dT < - {\\u\\p + ||t;||^)^ < 

m J-oo m m 

choosing AXO"^ /m^ < 1 we get 

sup \\u{t) — 1^(^)116 = 
t 

and, since u{t) and v{t) belong to F'^ and, thus, are continuous, u{t) — v{t). This proves 

the uniqueness. 

To construct the solution u, we shall solve the integral equation. Since we shall require 
Ut G J^'" , the construction must exhibit u as the limit of smooth functions. For this reason, 
we first solve the ordinary Cauchy problem with initial data at a time S. Let us G be 
a free solution with complex data of compact support. 

Define ^ 

TZu{t, x) = - / R{t-T)* u^{r)dr. 
J s 

We solve the equation 

u — Ut + XTZu 

by successive approximations: 



u 



= Us, =us + Xnu^''-^\ n=l,2, ... 



Each li*^") is of class because us is. 

We claim, that 9 so small that if ||ti5||F < ^, then 

(ii) < 2e/m 

for aUn = 0,1,2,... . 

We prove the claim by induction on n. If n = 0, (i) is true by definition. The estimate 
(a) follows from the inequality {i) and the simple energy inequality {us) < ^||w5||e. This 
energy inequality can be proved with the help of relation (2.7) for the energy-momentum 



7 



density (2.8)-(2.9) in the same way as the energy inequahty (2.10). We note that u^^^ = us 
is the solution of the free equation and for us the right side of (2.10) is equal to zero. 
Next, we have 

Ik^"^ - us\\f < (by Lemma 2.2(a)) c\\u^''-'^\\l {\\u^"~'^\\f + (n^""') 

2 

< (by the induction assumption) Ac(l H )9'^. (2.5) 

m 

Choose 6 so small that 

Xc(l + —)9^ < -9. 
^ m' ~ A 

With this choice of 9 we then have (z). 

To prove (ii), note that m*^") is a solution of 

utl^ - Am(") + m^^W = -A(m('^-^))3 (2.6) 

and therefore enjoys the energy inequality. To prove the energy inequality we use the 
following identity 

dE 

{utt - Au + m^u)ul + «j - Au* + m^u*)ut = + div P, (2.7) 

where 

E(t,x) = |Mt(t,x)|2 + |Vu(t,x)|2 + mXt,x)p, (2.8) 

P(t, x) = -VM(t, x)M*(t, x) - VM*(t, x)Mt(t, x). (2.9) 

This identity is fulfilled for any (smooth) function u. Note that (i?(t, x), P(t, x)) is given 
by the components (Too(t, x), Toi(t, x)) of the energy-momentum tensor, see [|l^, §XI.14, 
Addition], [pO| , ch.l, §2.2, p. 23], see also pT| , Theorem 2.1], and is the energy-momentum 



density of the complex field and not of a real one) To obtain the energy inequality we 
multiply the equation (2.6) by uf^* , add the conjugate term and integrate over the part 
Ki of the forward or backward light cone. The equality (2.6) implies that the integral over 
the 4-dimensional divergence (the right side of (2.7) ) is not greater than the right side 
of (2.10). On the other hand, by the Gauss theorem the integral over the 4-dimensional 
divergence is equal to the energy-momentum flow (2.8)-(2.9) through the chosen part of 
the forward or backward light cone and is estimated from below by the left side of (2.10). 
This gives 

2-^/W|^ - supl|M(")(t)||^ - 2^// \{'^^'"'^^fnt^*\dtd?x, (2.10) 

and finally we receive 

2-i/W(m("))2 - sup ||M(")(t)||2 <2\ 11 \{u^''-^'^fut^*\dt(fx. (2.11) 
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Next, the right side of (2.11) is less than 

/ ^ poo 

2Asup||mJ")||2||m("-')||2 / \\u^''-^\t)\\l^dt. (2.12) 

J —oo 

(2.5), the choice of 9, and the induction assumption imply that (2.12) is not greater than 
2A(||ii5||F + 10)0^ < |Ae^ that is 

for 2V2(i + |A^2) < 4 rj^j^ig p^Q^gg 

Next, we apply Lemma 2.2(b) to the difference 

- = A7^M("-^) - A7^M("-2). 

Using (i) — (ii), we obtain 

m 

Choosing the coefficient on the right to be less than 1/2, through choice of 9, {u^^^} 
becomes a Cauchy sequence in the F-norm. Its limit is the solution (/ — TZ)~^ut- Fur- 
thermore, this solution is a function (if us is ) as a consequence of the estimate 

||W")(i)||oo < \\Dus{t)\U + C f \\Du^^-'\T)\UdT, 

J s 

where is a first or second derivative. 

If Us has compact support in space, so does the solution. This follows from the explicit 
form of the approximation u^'^\ from the fact, that 

supp u^^\t, •) C {x e M'l dist(x,supp(K5('5, •), -^{S, •))) <\t- S\} 

and from the convergence of the series u — J2n{'^^^~^^^ — li*^"^). Of course, these statements 
are valid for every t, —oo<t<oo. 

The convergence of the series u — and the restrictions on 9 imply that 

||-u||i;' < 29. Moreover, the convergence of m*-"-* to u in the F-norm implies that (■)-norm 
of u is also restricted by 29 /m. This follows from the continuity of and u and the 
convergence and the uniform boundedness of the integral of m^")^ taken over the bounded 
part of the cone. 

Now let Uin,k be a sequence of smooth free solutions of compact support which 
tends to u^ in JF"-^, H^iinUi? < 9. It is clear that there exists a sequence of such Uin,k- Let 
Uk be the constructed solution of (2.2) whose Cauchy data at time t = —k equals that of 
Uin,k at time t = —k. The limit of Ufc as /c — > oo will be the required solution. To prove 
the convergence of Uk we consider the difference Uk{t) — ui{t). For k > I 

Uk{t) - Ui{t) = {Uin,k{t) - Uin,l{t)) - X J^^R{t - t) * ('U^(t) - u\{T))dT 
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-X [ ^ R{t - t) * ul{T)dT. (2.13) 

Consider the F-norm. The F-norm of the first term goes to zero. Lemma 2.2(b) and the 
uniform estimate (uk) < 26/m imply that the F-norm of the second term is less than 
cA^^(2 + ;|)^||«fc — ui\\f < |||wjfc — ui\\f- The estimate of this term we carry over on the 
left side. 

The final term on the right is estimated as follows. Let £ > 0. Since Uin,k converges in 
T"-^ , there exists an L = L{s) such that, 

a~L ^ 1/2 

-oo J 

r f-L ^ 1/2 

< sup ||Wi„(t)||oo + i / lkm(^)||Lc?U +'^\\Uin-Ui„^k\\F < £ 
t<-L K.J-00 ) 

for all k > L. 

Lemma 2.2(a) and the equality = Uin^k + XTZuk imply that 

2 

[K]]( — oo,— L] < [K,fc]](-oo,-L] + CA^'(1 + -) [H]( 

— OO,— L] • 

fit 

For sufficiently small 9 cA^^(l + ^) < |- So < 2e. Therefore, these 

arguments, the uniform estimate (uk) < 26/m and Lemma 2.2(a) imply that the F-norms 
of the last term of (2.13) are not greater than 

2 

cxe'^{i + —) [K]](_oo,-L] <£■ 

m 

It follows from these estimate that {uk} is a Cauchy sequence in the F-norm. 
Call the limit u. By passage to the limit we obtain 

U{t) = Uin{t) - X I R{t - t) *V?{T)dT, 
J —oo 

whence 

\\u{t) - Uin{t)\\e ^ Q as t^-OO, 

This means that we have constructed the solution u{t) for the initial m-data Uin{t). 

Now let ut be the free solution with the Cauchy data t — T equal to the Cauchy 
data of u. Let u^. be defined as stated above, that is, it is a solution of (2.2), with Cauchy 
data at time t = —k equal to the Cauchy data of Um^k at time t = —k. Let u^^t be the 
free solution with the Cauchy data at t = T equal to the Cauchy data of Uk- Then Uk,T is 
a smooth free solution given by 

rT 

Uk,T = Uk{t) - A / R{t-T)* ul{T)dT. 

J —m 
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Just as in the above argument, the right side converges in T'^ . If the hmit of U}^^t in 
is called then v e and 



v{t) = Uinii) - X r {R{t - r) * U^{T)dT. 

J —oo 



Since the Cauchy data of the free solution v oXt — T agree with those ol u, v — ut, that 

UT{t) = Uin{t) - A / - r) * U^{T)dT. 

J —oo 

The continuous dependence of ut in the F-norm is a consequence of the construction: u 
depends continuously on rtj„, and ut on itj„. 

Now we construct the solution Uout- Uout has been defined as a unique free solution 
such that ||uout(^) — ""(^jlle ^ for i ^ +00. We claim that Uout is given by the following 
formula 

/+00 
R{t -t) *U {T)dT, 
-00 

that means that the formula 

r+00 



/" 

Uout{t) = u{t) — \ J R{t — t) * U {T)dT. 



is valid also. Indeed, the right sides are defined correctly, have finite energy and u{t) 
converges to Uout in the energy norm as t +00. Direct differentiation, in the weak 
sense, shows that Ugut is a free solution, so that it must coincide with Ucmt- We need to 
show that not only the F-norm of Uout is finite, but that Uout £ 

To prove the statement that Uout £ we approximate itj„ by smooth solutions itj„_fe 
with compact support and as we take the solution of (2.2), whose Cauchy data at time 
t = —k agree with that of Wjn.fc at time t = —k. Then let Uout,k be the free solution whose 
Cauchy data at time t = k agree with the Cauchy data of Uk at time t = k. 

Of course the Cauchy data of Uk at any time are smooth and of compact support. 

We have the integral representation 

rk 

Uout,ki't) = Uin^t) - A / R{t-T)* ul{T)dT, 

J —k 

whence, for /c > / we have 

rl 

UoutA't) - UoutA't) = (uinA't) - Ui„,i{t)) - A J^^ R{t - r) * {uI{t) - uf{T))dT 

-A / \{t-T)* ul{T)dT - A r R{t - r) * ul{T)dT. (2.14) 

J —k Jl 

Consider the F-norm of the four terms on the right as /c, / — > cxd. The F-norm of the 
first term goes to zero by assumption, the second term is less than 

cA6'^(2 — )^||'Ufe - Ui\\f < l:\\Uk - UiWf- 

m 2 
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The latter two terms can be estimated analogously to the similar term of (2.13). Let 
£ > 0. There exists L — L(e) such that 

< sup ||'Uin(i)||oo + W + 2\\Uin - Uin,k\\F < £ 

\t\>L lJ\t\>L ) 



\t\>L U\t\ 

for all k > L. 

By Lemma 2.2(a) 

[K]](-oo-L] + [K]][Z,,oo) < [[Uin,k]]{-oc,-L] + [[U 

2 2 
+C\9\1 + — ) [K]]{-oo,-L) + cXe^l + — ) [M][L,oo)- 

For sufficiently small 6 cXe\l + |) < 1/2. So 

[H]( —oo,—L] + [M][L,oo) < 2£. 
Therefore, the sum of the F-norm of the last two terms of (2.14) is not greater than 



m 



cXe\l + -) [[Uk]]i-oo,-L] + [N][i,oo) • 



The obtained bounds imply that Uout,k is a Cauchy sequence in the F-norm. Call the 
limit V. By passage to the limit we obtain 



/ + 00 
R{t-T)*U^{T)dT, 
-oo 



whence v{t) = Uoutit), as required. 
Theorems 2.3 and 2.4 are proved. 



3 Riemann function estimates. 
Proof of Lemmas 2.1 and 2.2 

Proof of Lemma 2.1. 

I{t, x) consists of an integral Is over the surface of a light cone and an integral Iq 
over the interior of the cone. Since i?(t, x) = — i?(— it,x), the integrals over forward and 
backward hght cones can be considered similarly. The integral over the surface of a light 
cone is the following 

Is = ±^l^ [ u{T,y)v{T,y)w{T,y)dS--^^ 

47r JMi,± J|x-y|=|t-r| F ~ ^1 

and over the interior 

Ic^± / ^(Z^) ^('^' y)^i^^ y)w(T, y)d^ydT, 
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where = c/i~^ Ji(m//), Ji is the Bessel function, n'^ — {t — r)^ — |x — yp and 

Mi^± = Ml n {r I ± — r) > 0}. The measure dS is defined before the formulation of 
Lemma 2.1. 

To the surface integral we apply Schwarz' inequality: 



-'5 



< J \w\^dSdT^y J \u\^\v\\t-r)-^dSdry 

where the integrals are taken over the range 

|x - y| = |t - r|, T e Ml 
and dS — p^dcu, p = |x — y|,|a;| = 1. The first factor on the right side is bounded by 

= sup / Iwl'^dS. 

As for the second factor, we first note that the integration by part gives 

/ My)dS^ I ^ ^ $(y)|x-y||i-r|-M5 

= [ —(^p^)\t-T\~^dpdu; 

J|x-y|<|t-r| dp 

= / (p$, + 3$)|i-T|-idV (3.1) 

J|x-y|<|t-r 

Applying this identity to $ = |f ^ = vv* and using p < |t — r|, we obtain 
/ \v\'^dS= I {pvvl + fWoV* + 2>vv*)\t-T\-^d^y 

J|x-y| = |t-r| J|x-y|<|t-r| " 

-1 1 j3 



</ [2\vVp\ + ?,\vy\t-T\~^]d^y 

J|x-y|<|t-r| 

< 2||^;(t)||2,* lkp(T)||2 + 3ri^;(T)||2,*. (3.2) 

Therefore, 



-'5 



<c(5)(/ / l^pd^dr) /^J|«(r)||^||^(r)||e||^(r)||2,. {t-TY'dr. 



Here and in the following the notation || ■ means the Lp-norm of a complex- valued 
function over the sphere |x — y| < |i — r|. 

Now consider the integral Iq over the interior. The contribution of the forward and 
backward cones is estimated in the same way. Considering the light cone we use the 
notation 

p = |x - y|, p'^ = [t-rf - p^, y - X = pa;, 
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and introduce the light cone variables for the forward and backward light cone 



e = ±(t - r) + p, r] = ±{t-T)-p, re Mi,±. 
Thus /i^ = $,1]. We also introduce a weight factor: 



^3/2 ^ ^ 

^3/4 fQj^ < r/ < 



Estimating the contribution of the forward and backward cones by Schwarz' inequality 
we obtain for each such contribution l/cP < ^B, where 



A = J j l{riy^\w\'^dT£y, 

B = I [ l{ri)k{fiY\u\'^\v\'^dTd^y. 

Changing variables, {p,0) have 

A = - f f 1(7])-^ f \w\^p^dujd^dr] 
2, J J J\ijj\=i 



1 f'^r 

- 2Jo 



K{t,x,M±,'q) J\uj\=l 



\w\'^p'^du;d^ Kjj) ^drj. 



The integral in square brackets is precisely the integral of over a part K{t,:x., M±, 
rf) of the surface of the forward or backward light cone K±{t, x) with the top at (t, x). This 
part of the surface of the cone K{t, x, M±^'q) is given by the condition r = =F-^^Y^+t G 
T] G [0, +oo). Since is integrable, the expression for A is bounded by 

A < c{5) sup / \w\^dS, 

K JKn{MxM^) 

where K runs over all forward or backward light cones and dS denotes the usual surface 
measure on the surface of K. The factor c{6) appears due to the integral of l{r])~^, with 
depends on 6. In the second factor B, we use the gross asymptotic behavior of k{fi) = 
cp^^ Jiimp) 

k{pf < cp-' < c{r^\t - r\)-''\ 



see 



22| , Section 8.45]. Therefore, 



B<C D{T)\t~T\"^''^dT, 

where 

D{t)= J l{r])7]-^/^\u\^\v\^d^y. 
We estimate D{t), dividing the domain for r] in two parts: r] > ^6 and r] < ^S. 
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The part of D{t) over 77 > | is less than 

const ||M(r)||^ II^^WIII*- 
For 77 < we have l{r])r]~^/'^ — rj~^/^. At each point we have the identity 

^-3/4|„|2|^|2 ^ div,(^^^4r7i/^M«*^;^*) 

+477^/^((mm; + UpU*)\v\'^ + \u\'^ivpv* + vv*)) + 8p"^77^/Vn^P- 

Integration of this identity over the range < 77 < |5 (that is, over the spherical shell 
\t — t\ — ^5 < p < \t — r|) gives 

/ ri-^/^\u\''\v\^d'y = 4 / S'/^\u\''\v\^dS 
+4 / {r]"\uul + Upu*)\v\'' + r)''''\u\\vpv* + vvV) + 277VV A, (3-3) 

Jrt<\5 

the contribution of the point 77 = 0, that is, the contribution of the spherical shell p — 
\t — T\, is equal to zero. To estimate the surface integral in (3.3) we use the identity (3.1) 
and, analogously to (3.2), we obtain the estimate 

/ ^\u\M'dS < 2||«(r)||^||^(r)||e||^(r)||2,* 

+(2 + 60||t.(r)||e|k(r)|b,*||i.(r)|Ulk(r)||oo. 
In the volume integral in (3.3) we use 77 < |5 and p > S — rj > ^S. Therefore, we have 

D{t) < c{S)[\\u{t)\\1 \\v{t)\U \\v{T)h,. + |K(r)|U lk(r)||oo Mt)\U Mr)]],,.]. 
Finally, we use the trivial estimate 

|k(T)||2,*<c||^;(T)||oo|i-T|=^/2, 

which is raised to an arbitrary power a. This is used to estimate the terms with || • II2,* 
both in the bound for D{t) and in the one for Is- Taking into account these estimates, 
we obtain the estimate of Lemma 2.1. 
Lemma 2.1 is proved. 

Proof of Lemma 2.2. 

Denote by W{t,x.) the same integral as 7^M(t,x) except that is to be replaced by 
uvw and we shall obtain the estimates for this term. These estimates yields the estimates 
of Lemma. 

According to the definition of the F-norm, consists of three terms (2.4). To 

estimate the energy norm, we apply the energy relation 

IW-r)*/||e=||/||2 
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the function / = uvw. We obtain 

||M^(^)||e</ \\uVw\\2dT < sup \\w{T)\\e ||m(t) ||oo||t'(r) ||ooC?T 

JM t€M JM 



teM 

< m-' sup \\w{r)\\ J f \Hr)\\ldTY\ f \\v{r)\\ldrY\ 

t£M \Jm / \Jm J 

We shall obtain the required estimates for Lemma 2.2(a) by setting u = v = w. Using 
the relation \^ — — v?{u — v) ^ uv{u — v) + v'^{u — v) and taking instead of v, w, 
respectively, u, u, v, or u,v,u — v, or v,v,u — v, we obtain the desired estimates of Lemma 
2.2(b) for this term. 

To estimate the rest of F-norm we write 

W^Wi + W2, 

where 

Wi= Ruvwdrd^y, W2 ^ Ruvwdrd^y 

J Ml J JMi J 

and 

Ml = [a, 6] n {r I |t - r| > 1}, M2 = [a, 6] n {r | |t - r| < 1}. 
To Wi we apply Lemma 2.1 with 6 = 1. Then 

1/2 



\Wi{t,x)\<c{w)^{[ ...dr} 



Ml 

with the same integrand as in Lemma 2.1. Since a < 1/6, \t — -7-|~^/^+^" is integrable. 
Therefore 

/+00 
mmidty/' 
-00 

< cM^sup \\v{T)\\l/'--[[v]]l,{[[u]]l sup ||^(r)||e + [M]m[H]msup ||t;(r)||e}'^'. 

TeM reM reM 

This implies Lemma 2.2(a) for Wi when we set m = f = w. Using the relation — = 

u'^[u — v) + uv{u — v) + v'^{u — v) and taking instead of u, v, w, respectively, u,u — v, u, 
or u,u — V, V, or v,u — v,v and setting a = we obtain the desired estimates of Lemma 
2.2(b). 

Finally, let us estimate W2{t, x). We write it as Is + Ic: where Is is the integral over 
the surface of the cone and Ic is the integral over the interior of the cone. For Is as in 
the proof of Lemma 2.1, we use the integration by parts 



/ MS= [ —i^p^)dpduj= I (^p + 2-)d^y 

Jp=\t-T\ ^0<p<|t-r| op ^0<p<|t-r| p 

and for $ = uvw we have 

Is — f ( (uvwp + uVpW + UpVW H — uvw)d^y-, r . (3.4) 

JMnJoKlt-rl ^ ^ ^ p ' U-^l 
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Applying Holder's inequality with exponents 3,6,2 or 3/2,6,6 to the inner integral in 
(3.4) and using the estimates 

Ik(^)ll3,*|i - < c||M(r)||oo 

and 

\\p-Mr)\\lJt-T\-' <c\\uiT)\\^ 

for |t — t| < 1, we obtain 



\Is\ < c / (||M(r)||oo ||^^(7-)||6,* ||wp(r)||2,* + ||M(r)||oo ||t^p(r) II2,* ||w(r)||6,* 
JM2 

+ ll^(^)l|oo ||Mp(7-)||2,* |k(r)||6,* + ||m(t)||oo ||^^(^)||6,* Ik (t") || 6,*)'^^- 

Taking into account that Ji{mjj,) fj.^^ = (see ||2^, Section 8.45] ) we have for the 

integral over the interior of the cone 



\Ic\ < c / ||M(r)||oo ||^^(^)||2,* ||w(r)||2,* c/r. 
JAI2 



As in the proof of Lemma 2.1 the asterisks indicate the integral in the norm over p < |t — r| 
only. We take into account that for |t — < 1 ||'i^(T) ||p,* < c||'u(r)||oo, and that the 
integration is taken over M2 = [a, 6] fl {r | |t — r| < 1} only. Then, we set -u = = w and 
obtain 

|W^2(t,x)| <c// \\u{T)\\ldr) sup \\u{t)\U 

<C2( [ \\u{T)\\l^dT) sup ||M(r)||oo sup ||M(r)||e. 

Making in the integral over t, t the change of variables on t — r, r, we obtain 

f+00 \l/2 / . X 1/2 

/ sup\W2it,x)\'^dt) <c{ ||M(r)||^rfr sup ||M(r)||oo sup ||M(r)||e. 

"'-00 X / \JM / rGM TSAf 



F,M- 



This yields the part (a) of Lemma. 

On the other hand, for the part (b) we use Sobolev's inequality, ||m||6,* < c||u||e and 
the relation 

/ \Hr)\\^dr < ( [ \Hr)\\ldTY' ( [ dr)'^'. 

Thus we get 

|W^2(t,x)| < ci( ( / \\u{T)\\^dT) sup ||t;(r)||e sup ||w(r)||e 

+ (/ h{T)\\oodT) sup ||M(r)||e SUp ||w(r)||e) 
^JM2 ' T<^M T<^M / 
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whence 



< (/ ||M(r)||ooiir) ^ sup ||i'(r)||e sup ||w(r 
+ ( / Ik('^)llooC^T)^'^^ sup \\u{r)\\e sup ||w(t)| 

/+00 , 
|iy2(^, < c([[m]]m sup ||'y(T||e sup ||u'(r) 
-oo ^ r6M reM 

+ [[v]]m sup ||li(T)||e sup ||w(T)||e). 



Again using the relation -u"^ — = v?{u — v) + uv{u — f ) + v'^{u — v) and taking instead 
of M, V, w, respectively, u,u,u — v, or u,v,u — v, or v,v,u — v, we obtain the estimate of 
Lemma 2.2(b). 

Lemma 2.2 is proved. 



4 Construction of the quantum field 
as a bilinear form 

To construct the quantum field as a bilinear form we shall start from the quantum non- 
linear wave equation written in the from of integral equation (1.2). 

We begin with a brief sketch and an outline of the construction of solution of Equation 
(1.2) and then we turn to the description of the technical details. 

We shall construct the solution 0(t,x) of Equation (1.2) as a bilinear form. This 
bilinear form is defined in the Fock space 7ij„ of the free field </)j„ and can be expanded 
in terms of creation and annihilation operators. By : : in (1.2) we denote the normal 
ordering with respect to the free field (pin, and correspondingly, by product we mean the 
normal ordered product of the bilinear forms. However, an operator-valued structure of 
the interacting field is unknown in advance. 

Since, in fact, we come from the notion of wave operator, so the natural initial quantum 
field should be the free quantum in- field that enters into Equation (1.2)). 

Thus, we need to construct the bilinear form that corresponded to the interacting 
quantum field and is defined on the whole space-time, that is, to construct the unique 
solution in the large, that corresponds to the unique initial m-field. 

A representation of the solution in the form of a limit of some iterative series is a 
natural way of the construction of this solution. We construct the iterative series as 
series expanded in terms of Wick polynomials on the free in-field. Therefore, to obtain 
the solution in the large it is sufficient to construct a bilinear form corresponding to the 
interacting field at any time. It can be continued in the large by translation with the 
Hamiltonian. Nevertheless, we would like to obtain the solution in the large defined as a 
bilinear form. It is convenient to approximate the solution by bilinear forms defined for 
all times. 

It turns out that it is possible. This is connected with the fact that coherent vectors 
are the eigenvectors of annihilation operators. Moreover, the Wick polynomial of the 
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free field is a bilinear form, the free field is the sum of the creation and annihilation 
operators, and the creation operator is conjugate to the annihilation operator. Taking 
this into account, we obtain that the matrix elements between coherent vectors are equal 
to the corresponding polynomial depending on the sum of corresponding eigenvalue of one 
coherent vector and the complex conjugate of the eigenvalue of another coherent vector. 

Therefore, if we consider iterations of the right side of Equation (1.2), that is, the 
expressions 



(t,x) = {(f)in + XNR{(f),r. + XNn{...{(l)in + AAr^(0,„) }...}} (t, x) (4.1) 

where 



AT, 



r{<P) = - I / i?(t - r, X - y) : ^^(r, y) : drd^'y, 

J —oc J 

we approximate the quantum field by Wick polynomials, i.e. by bilinear forms. These 
bilinear forms 0*^'^ (t, x) are defined on some sufficiently wide dense subspaces, in particular, 
on the subspace generated by linear combination of coherent vectors. Consider matrix 
elements of the constructing bilinear form on the vectors that are equal to a finite linear 
combination of coherent vectors near to the vacuum we reduce, in fact, these matrix 
elements to a bilinear combination of iterations. These iterations are the iterations of 
corresponding solution of classical wave equation with small complex m-data. This allows 
us to use the theorems proved in Sect. 2. 

To prove the convergence of approximations we choose as convenient subspace the 
set of linear combinations of coherent vectors near to the vacuum (we denote it by Dg). 
This subspace is dense in the Fock space. We define explicitly the quantum field on this 
subspace and with the help of weak estimates of Sect. 2 and 3 we prove the convergence 
of the approximations (4.1). It is convenient to introduce in addition approximations with 
space-time and an ultraviolet cut-offs. 

Bilinear forms generated by creation and annihilation operators was considered by 
Kristensen, Mejlbo and Poulsen ||ll-|0|. Baez in stated and proved the results that 



we need about Wick polynomials as bilinear forms. These results can be applied to the 
approximations that we consider. Note that we use slightly other notations as Baez pO| . 

Therefore, we construct the quantum field (j){t, x) as a bilinear form on Dq x Dq and 
approximate it by bilinear form corresponding to the iterations (4.1) (with an ultraviolet 
and space-time cut-off). The hmit of these iterations and cut-offs converges and gives the 
bilinear form, that is, the solution of (1.1) and (1.2). 

Let pass to the detailed presentation. Introduce the notations that we need. Let TCin 
be the Fock Hilbert space of the free m-field. The field (pinit, x) in terms of the annihilation 
a and the creation a"*" operator has the following form (we shall use the notation of . 



, §7] and shall not write in the following the index "m" for the creation and annihilation 
operators) : 

x) = / (e-*'^(P)*+'P"a(p) + e+*''(P)*-'P"a+(p)) 
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where //(p) = (p^ + m^)^/^, 

Kp), a+(p')] = 5(p-p') 

[a(p),a(p')] = K(p),a+(pO] = 0. 

In (i, x)-space it is convenient to introduce also the notation for positive- and negative 
parts 

fc(«.x) = Ait,.) = p-L_|,-.MP.«P.„(p)_^. 

Let a pair of complex zi, Z2 E S{IR^) is given, denote by 



Uir,{t,K,Zi,Z2) = (27r)-3/2 / (e-"'(P)+'^^ z{ (p) + 6+"^^^^-'^^ Z2~ {p 



^/2Mp) 

the complex solution corresponding to a pair {zi,Z2)- This solution, or its initial data, 
defines uniquely a pair {zi, Z2), which corresponds to the the positive- and negative parts 

of Uin{t,X,Zi,Z2), 

z,{-) = 2-V2(27r)3/2(-A + m^) VV„(0, -(•)) + t2-'/\2nf\-A + m')-'^%UO, -(•)) 

Z2{-) = 2-V2(2;r)3/^(-A + m^)VV„(0, •) - i2-y\2nf/\-A + m')-'/\,,{0, ■). 

Let u{t, X, zi, Z2) denotes the solution of (2.3) and Uout{t, x, zi, Z2) denotes the out-data 
corresponding to the initial in-data x, 2^1, 2:2), or, that is equivalent, corresponding 
to the pair {zi^ Z2). 

To define the bilinear forms we introduce the convenient dense subspaces in the Fock 
Hilbert space T-Lin of the free m-field. Define first of all the coherent vectors. Let 

1^;) = exp (2;a"'")n, Q = |0) = vacuum. (4.2) 

Here za^ — J z {k)a^{k)d^k, z E S, where S is the Schwartz space of rapidly decreas- 
ing smooth complex- valued functions on M^, and a tilde denotes the Fourier transform. 
Equation (4.2) implies that the scalar product in Tlin of two coherent vectors is equal to 

{zi\z2) = exp(^i,;22) = exp( j Zi{x.)z2{x.)d^x). 
Let D be the subspace of all finite linear combinations of coherent vectors 
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We introduce also the subspace Dq^ of linear combinations of coherent vectors near to the 
vacuum, 

It is clear that the subspace Dg is dense in Tiin- 

It is implied, for instance, by the fact that derivatives of coherent vectors are finite- 
particle vectors, 

da"' a=o 

and any vector 7ij„ can be approximated by finite-particle vectors (from the Schwartz 
space). Derivatives themselves can be approximated by linear combination of coherent 
vectors near to vacuum. Moreover, for all positive integer n Dq C D(H^^), where Hin 
is the free Hamiltonian of the m-field. In addition, for all positive n Hf^ is essentially 
self- adjoint on Dq. The inclusion Dq C D{H^^) is the consequence of the simple bound 



k 



< Ett sup Wi-A + my/^f'' <oo. 

k ^- 0<j<n 



The self-adjointness of H"^ on Dg follows from the Nelson's theorem. A dense subspace 
of analytical vectors for H^^ is the space of linear combinations of coherent vectors near 
to the vacuum with test functions with compact support in the momentum space. 

Thus, we formulate the main theorem. 

Theorem 4.1. 
Let 

Xi = E «.-e(^^"^^^^, X2 = E /9.e(-'='^^)n, (4.3) 

3=1 k=l 

where complex- valued functions Vj,Wk £ S{IR^) and for the constant 9 from Theorems 
2.3 and 2.4 

6 9 

\\Uin{-, ■,Vj,Q)\\F < - , \\Uini-, ■,0,Vj)\\F < - , 

9 9 

\\Uin{-:-:Wk,0)\\F < ||'Ujn(-, •, 0, Wfe) ||f < - , (4.4) 

for all j, k. 

Then the following expressions give bilinear forms 

0(t,x)(xi,X2) = E«i/^fee(^""'^«(^'^'^^i'^fc)' (4-5) 

3,k 
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:<l>'(t,^): (Xi,X2) ^^ajPke^'^'^^^u'(t,^,Vj,Wk), (4.6) 

(f)out{t, x)(xi, X2) = J2'^jf^ke''^'''"''^'^out{t, X, vj, Wk). (4.7) 

These bilinear form are symmetrical and are defined on DgX Dq. Moreover, these bilinear 
forms satisfies the following equalities 

(f){t, x) = (f)in{t, x) - A /* / i?(t - T, X - y) : ^^(r, y) : drd'y, (4.8) 

J —CO J 

poo 

(f)out{t: x) = (l){t, x) - A R{t - T, X - y) : (/.^(r, y) : drd^y 

/CO r 
/ i?(t - r, X - y) : ^^(r, y) : drd^y 
-00 ^ 

/+00 
- r, X - y ) (□ + m=')0(r, y )rfrrf3|/, (4.9) 
-00 

and 0o„t(t, x) satisfies the free equation 

(□ + m')0<,„t(i,x) =0. 

In addition, on x the bilinear form 0(t + T, x) converges to the bilinear form 
0owt(^,x) as T ^ +00, 

0(i + r,x)(xi,X2) '^^ 0o«t(i,x)(xi,X2) +00. (4.10) 

Proof of Theorem 4.1. 

To prove that (4.5)-(4.7) define a bilinear form we use the approximations (4.1), spatial, 
time, and ultraviolet cut-offs. Then we obtain an approximation of bilinear form, that is 
given by the solutions corresponding to the smooth initial m-data with compact support, 
i.e. by solutions that arc analogous to the solutions that appear in the proof of Theorem 
2.3, 2.4 with initial in-data that belong to JF'^. 

This approximation may be obtained in the following. 

We change the integral over (— oo,i] on the integral over [S,t]. This change cor- 
responds to the time cut-off. Let (j)in^a,A{t , ^) = 0m.o-(^, x)A(x), where 0j„^cr(^, x) = 
/ 0i„(t, x — 'y)a{'y)d^y, here reals functions a, A G S{]R'^) and A(x) has a compact support. 
The change of (})in{t,x.) on 0in,o-,A(^, x) corresponds to an ultraviolet and volume cut-offs. 
These changes correspond to the approximation by bilinear forms given by solutions with 
smooth initial m-data with compact support. Finally, we approximate the field solution 
by bilinear forms 4'sl>7,Ai^i^)i where 

0g,,^(t,x) = {(j),n,a,A + AiVR,s{...{0 + AiVp 5(0 m,(7,A 

)}...}}^^^(t,x) (4.11) 

and 

Nr,s{<I>) = - /J / i?(t - t, X - y) : ^^(t, y) : drd'y. 
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(4.11) contains Wick polynomial of 0m,o-,A- is clear that these Wick polynomials are 
correctly defined bilinear forms, see, for instance, [Q, [l^. Theorem 3], [|19|, ch. , §7], ||23| . 

Let us write how these bilinear forms generated by Wick polynomials act in the Fock 
space. These bilinear forms have the following Wick symbols. Let Xi)X2 £ D°°{Hin), 
then for the bilinear form xi)...0i„(i„, x„) : we have 



(tl,Xi) ...(j) 

): (Xi,X2) 

IC{l,...,n} i&I ie{l,...,n}\7 



(see [10, Theorem 3], [24, ch. X, §7]). 
It is easy to see that 



Uin{t, X, Zi + Z2) = Uin{t, X, Zi, 0) + Mi„(t, X, 0, Z2) , 



Uinit, X, Zi, Z2) = Uinit, X, Z2, Zi) 



(4.15) 



(4.13) 



A{t, x)e("'^^)^] = Uin(t, X, 0, z)e^"'*^VL. 
The last relation is implied by the following simple calculation 



00 (^^+\n 



a(A;)e(^"^)f] = a(fc) ^^^fi = ^ [a(fc) 



[za 



n=0 



[za ' 



n=0 



\n-l 



n=l 



(n-l) 



-Q = z~{k)e^'''^^Q, 



see, for instance, ||23|, ch. 9.1]. 

Therefore, if Xi = T,jaj\vj), X2 = 'EkPk\wk), then (4.12) gives 

(tl,Xi) ...(j) 

): (Xi,X2) 

j,k IC{l,...,n} i&I ie{l,...,n}\I 

j,k ie{l,...,n} 

= Yaj(3k{vj\wk) n Uin{ti,:xii,Vj,Wk). 

j,k ie{l,...,n} 

In particular, it follows from (4.14) that 

): (Xi,X2) 

= Yaj(3k{Vj\Wk) n ^im,a,A(^i,Xi,I;j, ti?fc), 
j,k i£{l,...,n} 



(4.14) 



(4.15) 
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where Uin,a,A{'t, x is a free solution with the Cauchy data at time zero given by 
^im,a,A(0, X, V, w) = A(x) j Uin{0, X - y, TJ, w) a{y) d^y, 

Mm,<T,A(0, X, V, w) = A(x) j Uin{Q, X - y, V, w) a{y) d^y, 

The relations (4.14), (4.15) imply that on D x D the bilinear forms-iterations (4.11) 
satisfy the equality 

0W(^> X)(X1, X2) = J2^j^k{Vj\Wk) U^sl,Ai^, X, Vj, Wk), 

where u^s,a,K{^i ^1 "^31 ^fc) is the Zth-iteration of Equation (2.1) - (2.2) with the Cauchy data 
at time S equal to the Cauchy data of the free solution Uin,cF,K{t-i'^-iVj, Wk). 

Now we show that for / — >■ 00 the bilinear forms (jy'saK ^^^^ : (p^g^ ^^{t,^ : converge on 
De X De to the biUnear forms (f)s,a,Ait,:x.) and :0|,^^^(t,x) : and on vectors of the form 
(4.3) these bilinear forms are equal to 

0w(^,x)(xi,X2) = J2^j^ke^^'''"''^'^s,a,Ai't,^,Vj,Wk), (4.16) 

where us,a,A{t,^,Vj,Wk) is the solution of (2.1) - (2.2) with the Cauchy data at time S 
equal to the Cauchy data of the free solution Uin^a,A{t,^,Vj,Wk)- In other words, these 
bilinear forms satisfy the following equation 

05,a,A(^, x) = (f)in,a,A{t, ^i) - X J R{t - T, X - y) : (I)s,^^a{t, y) : drd^y. 

Really, first we note that Dg C D C D°^{Hin) and, thus, the approximations ^^^A 
correctly defined on DgxDg. Choose, then, an ultraviolet and space cut-offs such, that for 
the states from Dq x D0 the F-norm of Uin,a,A{t, x, vj, Wk) would be less than 9/2. For this 
purpose, we shall take A with compact support and a such that ||(j||i < 1, ||A||oo < 1- 
It is obvious that 

\\Uin,a,A{-^ -^Vj^Wk) - Uin{- , ■,Vj,Wk)\\F ^ (4.18) 

for such A and a and for A — > 1, a — (^-function in S' (our choice is Vj, Wk G 5(iR^)). 

Therefore, the inequalities (4.4) for Uin,cr,A{-, -jVjjWk) are fulfilled for the states from 
Dg X Dg and with the change 6 on 26, and, thus, the conditions of Theorem (2.4) are 
fulfilled and the approximations Ug^^^^^{t,:K,Vj,Wk) correspond to the initial data at time 
S equal to iiin,o-,A(', •,Vj,Wk)- These initial data are smooth and have compact support. 
As in the proof of Theorem 2.4 we obtain, that the approximations Ug^,^j^{t,yi,Vj,Wk) 
converge to us,cr,Ait,y^,Vj,Wk) for Z — > oo. This means that the bilinear forms (f)g^^^j^{t,x.) 
and :05''^^^(i,x) : converge to the bilinear forms (4.16)-(4.17). 
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Now let S — > — oo, we obtain, as in the proof of Theorem 2.4, that as — > — oo 

us,(T,A{'t, X, Vj, Wk) converges to the solution Ua,A(t, x, Vj, Wk) with m-data ?i.tn,o-,A(-, --Vj, Wk). 
On De X Dg this gives the convergence of the bilinear forms 05,o-,a(^,x) and :0|^^y\^(t,x) : 
to the bilinear forms 4>a,A{t, x), : 4>l^\{t, x) : . 

On vectors (4.3) from Dg these bilinear forms are equal to 

:</'a,A(i,x): (xi,X2) = J2<^(3ke'^'''''"''^u%j,(t,x,Vj,Wk), 

where Ua,A{t,x,Vj,Wk) is the solution of (2.1) - (2.2) with in-data Uin,a^\{t,x,Vj,Wk), and 
satisfy the equation 

0<T,A(i, x) = (t)in,aAit, x) - A / [ R{t - T, X - y) : (f)^{r, y) : drd^y. 

J —oo J 

Finally let A tend to 1 and a to 5-function. Since (4.18) fulfills, so Ua^K{- , ■ .Vj.Wk) 
u{-, -jVjjWk) in F-norm as A ^ 1, cr — > ^-function. But this means that 4>(^^\{t,x.) and 
: (f)^^\{t, x) : converge on Dg x Dg to 4>{t, x) and : 0'^(t, x) :. 

Now we construct the bilinear form for (poutit, x). Equation (4.9) defines (l)out{t, x) as a 
bilinear form and (4.5)-(4.6) and Theorem 2.4 imply that the bilinear form is given by the 
equality (4.7) The same theorem 2.4 implies the convergence (4.10) of the bilinear form 
(pit + T, x) to (poutit, x) as T ^ +00. 

The constructed bilinear forms (4.5)-(4.7) are sesquilinear. Really, taking into account 
(4.13), we have that 

u(t,yi,Zi,Z2) ^^(u(^+'^\t,X,Zi,Z2) -u(^\t,X,Zi,Z2)) ^u(t,X,Z2,Zi), 

and so 

Uoutit,:>i,Zi,Z2) = Uout{t,y^,Z2,Zi). 

Hence for xi = Eaj>i), X2 = E/^fckfc), 

0(^,x)(xi,X2) = 0(t,x)(x2,Xi), 

:</'^(^,x): (xi,X2) = :(/'^(t,x): (x2,Xi), 
0o„t(t,x)(xi,X2) = 0out(^,x)(X2,Xl), 

i.e. bilinear forms (4.5)-(4.7) are sesquilinear. 
Theorem 4.1 is proved. 

The constructed bilinear form as a solution of the quantum equation satisfies the 
uniqueness condition of the following type. Let 

01 = (Pin + NR{(f)i), 
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02 = (ptn + NR{(i)2). 

Let 01 and 02 be bilinear forms defined on Dq x Dq and such, that for Xi,X2 £ -De 
0i(t,x)(xi, X2) G and 02(i, x)(xi, X2) ^ JF'^. Let : 0f(t,x) : and : 02(t,x) : be the 
bihnear forms and let the relation 

:0=^(t,x): (1^;), \w)) = e-^(^'-)(0(t, x)(|t;), |^)))' (4.19) 

be fulfilled for any pair of coherent vectors \v), \w) (The definition of normal ordering!). 
Then on Dg x Dg 0i(t,x) coincides with 02(t, x) and with our form 0(t, x). 

Here we do not consider the proof of the uniqueness and this definition of a normal 
ordering. We use the relation of the form (4.19) for a Wick polynomial only. 

We formulate yet two useful assertions. 

Theorem 4.2. 

The bilinear forms 0(t, x), 0o„((t, x) transform as scalar under the Poincare transfor- 
mation generated by the in-field 

Uin{a,A)(Pit,x)Uin{a,A)-' = 0((a, A)(t, x)), (4.20) 

f/i„(a,A)0o„t(t,x)f/i„(a,A)-i = 0o„i((a, A)(t, x)) (4.21) 

Remarks. 

1. The Poincare transformation of the interpolating field and of the in- and owt-fields 
generates the same representation of the Poincare group, U (a. A) = Uin{a, A) = Uoutio,, A). 

2. The expressions (4.20)-(4.21) are defined as bilinear forms for all a G and A 
such that U{O,A)D0 G D20, i.e. for A sufficiently near to 1. This is connected with the 
fact that our bilinear form is defined only on Dg x Dg for sufficiently small 6, and the 
norm used for the space of initial in-data is Lorentz-noninvariant. 

3. It is possible to obtain analyticity of classical solutions for small complex initial 
data for the space of the initial data JF*^. To derive this analyticity one can use the 
estimates of Lemmas 2.1 and 2.2 and the method analogous to ||T^ or given by Baez and 



Zhou |jT8|] for the case of initial data, corresponding to the finite energy. This analyticity 
allows to extend by continuity the equalities (4.20) and (4.21) on the Poincare-invariant 
subspace. 

Expressions (4.5), (4.7) of Theorem 4.1 for the bilinear form and (pout imply obviously 
that the coupling constant A can be reconstructed uniquely by matrix elements of the 
interpolating field or the out-field (pout- Moreover, the following assertion is valid. 

Theorem 4.3. 

The coupling constant A is determined uniquely by matrix elements (4.5) of the inter- 
polating field 

A = lime-Uim{f{(P{t,^){\v),\v))Ydtd^x)~\v\v)^ 

£— >0 T-+00 J 

m + T, x)(|£i;), \ev))^{t + T, ^){\2ev), \2ev)) 
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+ r,x)(|2et;), \2ev))^{t + T,x){\ev), \€v)))d^x (4.22) 



lim( / (0(t,x)(|t;), \v)))'^dt£x)-\v\v)^ 
{(f)out{t,x.){\ev), \ev))(l)outit,x.){\2ev), \2ev)) 



-^out{t,^)i\2ev), \2ev))(l)out{tM\£v), \ev)))£x (4.23) 
for any \v) E De, v E 5(iR^ C),v^O. 
Proof. 

For V E iS(iR^, C) the initial m-data Um(t, x, -u, v) are real and belong to JF, and thus, 
M(t, X, V, v) belongs to JF also, u{t, x, v) ^ 0. 
Since 

< ^ u{t,y^,v,vYdtSx 

sup M(t, X, i), f )^(it) sup / u{t,:x.,v,v)d^x 

X t J 



X 

4 



< 

SO (/ u(t,:s.,v,v)^dtd^x)~^ is correctly defined and, by Theorem 4.1, is equal to 

{(j){t,ic){\v),\v)))^dtd''x)-\v\v)\ 



The same theorem implies the existence of the limit as T — > +oo and the right side 
(4.22) = (4.23). Taking into account that {ev\ev) —>■ (0|0) = 1 for e — > 0, the expressions 
(4.22) and (4.23) are equal to A. This is the consequence of the equality 

A = \ime~^{ u{t,:x.,v,v)^dtd'^x)'^ 



Uout{t, X, ev, ev)uout{t, x, 2ev, 2ev) 
-Uout{t, X, 2ev, 2ev)uout{t, x, ev, ev))d^x) 



which is proved in ||T5[. Theorem 4.3 is proved. 
Remarks. 

1. It follows that the coupling constant is uniquely defined by matrix elements of the 
OMi-field only. 

2. Expression (4.23) can be rewritten also in the form 

A = \iTae-^{l ■.(t)^:{t,i^){\v),\v))dtd^x)~^{v\v) 

£— >0 J 



(0o„t(t,x)(|£t;), \ev))(l)out{t,yi){\2£v), \2ev)) 
-0o«^(^,x)(|2£:^;), |2£:t;))0o„f(t, x)(|£:t;), \ev)))d^x, 
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where :0^(i,x) : is the bihnear form with matrix elements (4.27). 

The proved assertion about bihnear forms imphes easily that on Dq x the bilinear 
forms 

Ca(^'^)' -MfrAt.^)-: :(Ca(^'^)^ :(vCa)'(^'^)^ :(Ca(^'^)^ 

=\j (:0g,?,A(^'^)^ + :(vCa)'(^,x): W : ^S.I'aI^, x) : +^ : xijd^x. 

are correctly defined. Clearly that as / oo, S — oo, A ^ 1, and cr ^ 5-function these 
bilinear form on Dq x Dq converge to the bilinear forms 

:0^(i,x):, :0^(i,x):, :(V0f(i,x):, :(/>^(i,x):, 

= ^/(:02(i,x): + :(V0)2(i,x): W :0^(i,x): +^ :0^(i,x) ijci^x. 
On Dq X these bilinear forms satisfy the relations 

:0^(^,x): (xi,X2) = u{t,^,Vj,Wkf , (4.24) 

:0^(^,x): (xi,X2) = ii(^,x,Vj,'w;fe)^ (4.25) 

:(V0)'(t,x): (xi,X2) = E"jA(^J>fc) (VM(t,x,^J„^t;fc))^ (4.26) 

:0^(^,x): (xi,X2) = u{t,x,Vj,Wk)'^, (4.27) 
-f^(Xi,X2) = 

y" ^M(t,x, Wfc)^ + {Vu{t,x,Vj,Wk)f + m^u{t,x,Vj,Wkf 

+ ^u{t,x,Vj,Wk)')d^x. (4.28) 



1 
2 



2 

Moreover, on Dg x £)g the bilinear form H is equal to the bilinear form 

-f^(Xl,X2) = ^^m(Xl,X2) = J2'^jM^j\^k) 
^ J (uinit, X, Vj, Wfc)^ + {VUin{t, X, IJj, Wfe))^ + ni^Uinit, X, IJ^-, Wfe)^^d^X 



Therefore, on Dq x Dq the bilinear form H{xi, X2) is positively definite and is a unique 
positive self-adjoint operator, which bilinear form on Dg x Dq coincides with the bilinear 
form of H. 

We remark, that the expressions analogous to (4.24)- (4.28) can be written for the 
momentum and angular momentum operators. 
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5 Discussion 



We mention first the review of Callaway |Q. This review contains, in particular, argu- 
ments of Frohlich and Aizenman et al. ^ concerning the triviality of 04- Frohlich 



25| and Aizenman et al. p6|, assert that any construction of 04, obtained as a limit of 



ferromagnetic lattice approximation, is trivial. Recently Pedersen, Segal, Zhou p8| gave 



arguments for nontriviality of (massless) 
28| , see also 



^45 



and, more generally, for nontriviality of 



9 BO 



The usual perturbation theory claims that 04 is a nontrivial and a 
renormalizable theory. 

We interpret the results of Frohlich and Aizenman et al. p6| , ^ as an approxi- 
mation of a measure. This measure corresponds to the approximation, but this approxi- 
mation do not catch the nonlinearity (and singularity) of the interaction. Its convergence 
corresponds to the convergence on the subspace of zero measure (for the true measure). 



see the analogous interpretation for more singular case [31 



Our approach obtains undoubtedly a nontrivial theory, in particular, the coupling 
constant is uniquely determined by the matrix elements of the interpolating or the out- 
field (see Theorem 4.3), but the straightforward proof is up to now unknown and absent. 
It would be very interesting to understand to what structure corresponds our construction: 
to the whole quantum field or only to the non-linear "tree" approximation. 

This construction is connected with the idea to construct the vacuum with the help 
of a generalized density and/or its logarithmical derivative, see In our case the 

generalized density is equal to pin{wu), i.e. to the vacuum in terms of the interacting 
field, it is defined on the (whole) space J-'. Here Pi„(-) is the generalized density of the 
free vacuum and w is a (quasi) canonical transformation. pin{wu) has to consider on 
finite-dimensional subspaces and then has to be extended on S' (as a measure generated 
by this generalized density). To Pi„(-) corresponds a unique state. This state can be 
obtained by extension from finite-dimensional subspaces of entire holomorphic functions 
||TT| , ^ |35[| . In our case the variable ^(x) — i((— A3 + m^)~^/^7r)(x) corresponds to the 
complex variable. Some exceptional properties of the state in terms of complex variables 



are described in 



They correspond to a holomorphic representation of Weyl group. 
In this case the Weyl group is a nuclear infinite-dimensional Lie group. 

The further progress will be connected with the possibility to extend a domain of 
definition of the bilinear form and/or with possibility to obtain the bounds connected 
with these bilinear forms in some suitable rigging of Fock Hilbert space of the m-field. 
It is very important that the Hamiltonian is correctly defined as an operator, essentially 
self-adjoint on Dg, and in the same time it can be expressed as a bilinear form connected 
with 0. We emphasize that we need such bounds in terms of bilinear form corresponding 
to the field 0. 
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